In this study a computational method of the multi-reference VCA (virtual crystal approximation) pseudo-potential generation is presented. This is an extension of that proposed Ramer and Rappe [J. Phys. Chem. Sol. 61, 315(2000)], the scheme of which is in want of the explicit incorporation of semi-core states. To compensate this drawback, a kind of fine tuning applied to the non-multireference VCA pseudo-potential; the form of the pseudo-potential is slightly modified within the cutoff radius in order that the agreements between the pseudo-potential and all-electron calculations are guaranteed both for semi-core and valence states. The improvement in the present work is validated by atomic and crystalline test calculations for the transferability and the lattice constant estimation.
I. INTRODUCTION
The purpose of the present article is to show a way to generate a reliable pseudopotential which is applicable to inhomogeneous or super-lattice crystal structures.
Frozen core model in pseudo-potential generation often suffers from a kind of inaccuracy where the relaxation in the semi-core state is not negligible, as is notable in transition metals, since, in these elements, owing to the overlapping of the semi-core and the valence states, it is inappropriate to assume the semicore state as chemically inert one. In these elements, for the more accuracy, the pseudopotential is generated for the topmost, fullyoccupied, semi-core p level, not for the empty valence state. This treatment allows the relaxation of the semi-core state in the simulation, but causes an inevitable inaccuracy in the pseudo-potential result. In the atomic pseudopotential computation, the semi-core state, lying in the lowest p-level, is in exact agreement with the all-electron result as to the energy and the square norm of the amplitudes of the wave-functions outside the cut-off radius. On the other hand, there is no such an agreement for the empty valence p-level, obtained as the second-lowest p-level, in which the discrepancy between the pseudo-potential and the all-electron computations always exists. In * kikuchi.akihito@canon.co.jp order to correct this drawback, it is necessary to introduce some schemes called multireference-pseudo-potential (MRPP) [1] , so that the calculated properties for the valence and semi-core states by the pseudo-potential and all-electron computation coincide with each other. (In some references, this technique is described as "the explicit incorporation of semi-core states".)
Concerning the crystalline pseudo-potential computation, there is an approximating method named "virtual crystal approximation(VCA)". This is a method to deal with the disordered crystal (and also applicable to the super-lattice structure). To represent the inhomogeneity and to reproduce the averaged property of the disordered crystal, the atomic potentials are, in some ways, mixed in accordance with the composition ratio of the atomic replacement. In the simplest implementation, the pseudo-potential for randomly distributed elements A and B is simply averaged by the composition ratio as
This approximation is not reliable in some cases. Meanwhile, there are more refined ways in VCA; of which the Ramer-Rappe method [2] is the most reliable one; it attains more quantitative crystalline simulations than the simply averaged VCA does. The success of this method will be ascribed to its ability, by which the eigenvalue and the charge distribution of the single atom in VCA model can be adjusted to the averaged all-electron computation in accordance with the composition ratio. However, it still lacks the explicit incorpora-tion of semi-core states.
Touching these two topics, the present work proposes a method to generate multi-reference crystal VCA pseudo-potential. This is an extension to Ramer-Rappe scheme, toward which a kind of fine-tuning is applied so that the multi-reference accuracy, i.e., the explicit incorporation of semi-core states could be achieved.
II. COMPUTATIONAL METHOD
In the following, these notations are used; the two elements to be averaged by VCA are denoted by A(B); the principal and angular quantum numbers are denoted by n(n') and l; the wave-functions, eigenvalues and the potentials are denoted as φ
n(n ),l and V A(B) (r). The composition ratio is denoted as α for element A and β for B.
The wave-functions in the virtual atom(i.e. the averaged image of randomly distributed two elements A and B in the equivalent atomic site) are computed under following conditions.
[I ] The averaged nuclear potential ( α + β = 1 here.):
[II ]The averaged eigenvalue (for the lowest eigenstate):
[III ] The boundary condition towards the infinity:
[IV ] The norm conserving condition:
[V ] The averaged core charge:
The computation proceeds as follows. 5) Apply the fine tuning to realize the multi-reference. This step follows Teter's method to generate an extended type of the norm conserving pseudopotential [3] .In this method, the self consistent potential V scf (r) is modified near the origin by means of the cutoff function h(r) and the augmentation terms n i=1 a i g i (r). The coefficients a i are adjustable ones so that the computed result will take the required value. (It is noted here that the extended pseudo-potential by Teter is, in origin, not the approach to explicit incorporation of semi-core states. Its purpose is to improve the transferable property of the pseudo-potential by keeping the agreement of the "chemicalhardness" between the pseudo-potential and all-electron computation.)
In the present VCA case for multireference extension, following conditions should be satisfied: the eigenvalue and the square norm outside the cutoff radius of the second lowest orbital φ V CA 2,l (r) agree with the averaged allelectron result. These conditions are given as
and
The computational steps from 1) to 4) are the same as those in the original Ramer-Rappe method; the step at 5) is the essential extension by the present work. In this step, the fine tuning proceeds in the following way. The conditions to be satisfied are newly given as:
[I' ] The pseudo-potential is readjusted from the screened VCA pseudo-potential by means of above cut-off functions and coefficients.In the implementation of the present work, the functional form is given as
where h(r) is a cut-off function which is zero at the origin and becomes unity out of the cut-off radius. g i (r) are functions having i-1 nodes, which are unity at the origin and go to zero with the zero slope at the cut-off radius. This is an extension of the functional form of the provisional pseudo-potential in BHS scheme, presented as eq.(2.10) in ref. [6] . Besides, there is a slight altercation from the expression used by Teter [3] , to which the extra term c l (1 − h(r/r c )) is included with the adjustable coefficient c l .
[II' ] The computed eigenvalue of the lowest state should be the same as [II] .
[III' ] The boundary condition for orbitals is the same as [III] .
[IV' ] The norm conserving condition of orbitals is the same as [IV] .(Note:this condition is imposed only on the lowest eigenstates. The norm-conserving condition for the second-lowest eigenstate will be ascertained AFTER the fine-tuning.)
[V' ] There is no core charge:
The fine tuning computation takes following steps. Check whether the conditions in equations (6) and (8) are satisfied. If not, change the coefficients a i for the cut-off function and start again from f1). In the present work, for the purpose of the optimization, the Powell algorithm without derivatives [7] is applied to reduce the square norm of the residues associated with these equations.
Some technical minute points in the implementation of the present work is explained here.
The provisional VCA pseudo-potential generation before the fine tuning does not always follow the original way proposed by Ramer and Rappe. In the elongation of the inward solution of the atomic equation at the step 2), the present work adopted Troullier-Martins-type analytic function, while Ramer and Rappe used their own. The analytic function used in the present study is the original TroullierMartins type as given in ref. [5] , not of the more complicated one as in ref. [1] for multireference extension in the pseudo-potential generation of simple elements. The choice of the Toullier-Martins type function, due to the large number of adjustable variables, sometimes causes the instability in the selfconsistent cycle. When confronted to this instability, the Kerker-type analytic function [4] , which contains fewer variables, is more stable.
The fine tuning process goes in a hybrid way of BHS and Troullier-Martins scheme. The atomic wave-function is computed under the modified screened-potential in BHSscheme-like way, from which the node-less solution is obtained. The node-less solution has the necessitated eigenvalue. Then the part of the wave-function is replaced by the TroullierMartins type analytic function around the nucleus so that the square-norm between the cutoff radius and the infinity agrees with the averaged all-electron value.( For this purpose, the original Troullier-Martins type analytic function is also adopted, not the extended one.) Thus the pseudo-potential, generated by the inversion of the Schrodinger equation, has the "soft-core property" that is characteristic in Troullier-Martins scheme, which shall ensure the good transferability [5] . The necessitated eigenvalue and the square norm in the valence orbital wave-function(the one-node solution) are attained by the optimization in the augmented form of the screened provisional pseudo-potential. The augmentation and cutoff functions of the self consistent potential (g i (r)and h(r)) are those proposed in the appendix of [3] , except that the parameters used here are original ones.(These parameters are given in the appendix of this article.)
With regards to the way of the multireference pseudo-potential generation, the difference between the method of Reis et al. [1] and the present work is as follows: in the former, the realization of multi-reference is achieved by increasing the number of the parameters in the analytic function of the pseudo-orbital between the origin and the cut-off radius.The multi-reference pseudopotential is computed from the optimized pseudo-orbital. Meanwhile, the present work is the fine-tuning process applied to the form of the provisional pseudo-potential for semi-core electronic configuration. The screened pseudo potential around the nuclei is modified by the addition of the set of analytic functions, the parameters of which are variationally determined so that the multi-reference extension is obtained. That is to say, the starting points for enforcing the multi-reference extension in the former is the larger number of freedom in the pseudo-orbital, while that in the present work is the more broader freedom assigned to the modification in the screened-pseudo potential.
III. RESULT AND DISCUSSION
In this section, the examples of the multireference pseudo-potential computations by the present work are shown.
As an example, the multi-reference VCA pseudo-potentials are calculated for several virtual atoms.
These are as follows: (1 Figure 1 shows the calculated pseudo-potential of the case (1), in which the s,p,d components and the Coulombic potential −Z nuc /r (denoted as "Z-ion" to see the asymptotic behaviour) are illustrated. Table  1 shows the eigenvalues and square norms (computed between the cut-off radius and the infinity) of the semi-core, or the lowest p states and the valence, or the second lowest p states. In this table, first, the results by the averaged all-electron computation, secondly, those by the semi-core pseudo-potential (of Ramer-Rappe type,without multi-reference fine-tuning) and,thirdly, those by the present multi-reference method are compared. These results shows that the computation by the present method is able to assure the best agreement between the pseudo-potential and the all-electron calculation in all eigenvalues and square norms, at least in the fixed configuration for which the potential is constructed. The purpose of these calculations are to show the efficacy of the proposed algorithm. Hereafter, for the purpose of the inspection for the property of the multi-reference VCA pseudo-potential, the computations are concentrated to Ti x Zr 1−x , which could be compared with reliable experimental data.
As to the transferability of the potential, table 2 shows the results of the configuration test to Ti x Zr (1−x) (x=0.5), in which the eigenvalues in different electron configurations are given. First, the result by averaging all-electron computations, secondly, that by multi-reference VCA pseudo-potential in the present work, thirdly, that by VCA non-multireference pseudo-potential (of Ramer-Rappe type), and, finally their differences are listed and compared in columns. These results shows that the present method of multi-reference VCA pseudo-potential assures the transferability of VCA pseudo-potentials more firmly than the computation of simple semi-core pseudo-potential without multi-reference extension does. The simplest VCA, achieved by the simple averaging of the pseudo-potentials shows large errors from all-electron results, especially in d-levels. The more refined ways, those of Ramer-Rappe and the present work afford us more reliable results. As to the improvement by the present work, it is exemplified in the eigenvalues for the valence porbital, in which the Ramer-Rappe pseudopotential without multi-reference shows the larger discrepancy from the all-electron results as the electron configuration varies from the ground one; the computed results show that the growth of such errors is suppressed by the multi-reference VCA of the present work. Meanwhile, as for the other eigenvalues, the discrepancy are of the same order in RamerRappe method and the present method. (For the purpose of checking pseudo-potentials, logarithmic derivatives are computed in usual. That can also be computed by VCA pseudopotential. But there is no comparable counterpart by the all-electron results; the average of logarithmic derivatives for elements Ti and Zr is meaningless.)
It should be noted here that in the above example calculation, the cut-off radii chosen there are rather large ones. This is not unrealistic choice; the cut-off radii about these values had actually been applied to simulations in transition-metal materials [8] . They will be sufficient for the purpose of the band structure computation. As for the crystal structural properties, however, smaller cutoff radii should be chosen in some cases. As a test calculation, the lattice constant of PbTi 0.48 Zr 0.52 O 3 is computed by means of VCA pseudo-potentials generated by the present scheme. The computed lattice constants are given in table 3 and 4, and compared to the experimental data by Noheda et al. The LDA computation (by CeperlayAder type correlation with Perdew-Zunger parametrization [9] ) are executed with 64 (4 × 4 × 4) k-points ,and at the plane-wave cutoff energy of 30 Hartrees. The cut-off radii for VCA pseudo-potential for Ti/Zr are taken to be 2. those values for Pb 6s and 6p orbitals are 3.18 a.u. [11] . The core-correction is applied to the Pb core charge, which is included in the evaluation of the exchange-correlation potential in the LDA crystalline computation. The local part in Kleinmen-Bylander form is taken to be s (l=0) component for those three elements. The lattice constants are evaluated by the least-squares fitting to the total energies by the Murnaghan equation; in these computations the relative direction of the crystal axes, the atomic fractional (or decimal) coordinates with respect to the lattice vectors and the ratios of the lengths of the crystal axes (c/a and b/a) are fixed to the experimental results; the one of the length of the lattice axes (a) is the only one variable in the fitting. The results by the present work for the tetragonal and monoclinic PZT show in fairly good agreements with the experiments [10] . (The comparable experimental data are given in Table I and III in that reference. The difference from the computation is of the order of 1%.) To illustrate the improvement by multi-referenceextension, the computed result for the tetragonal phase are compared with the two cases of computations, each of which adopted different pseudo-potentials. In the comparable case (1), the pseudo-potential is generated for the empty valence p-orbital and the lower p-levels are regarded as the inactive core; in the case (2), without multi-reference extension, the potential is generated for the fully-occupied semicore p-orbital. The cut-off radii of the virtual atom in the case (1) are 2.54, 2.96, 2.25 a.u. for s, p ,d orbitals. Those in the case (2) are the same as in the multi-reference VCA computation. The comparison shows the multireference computation by the present work shows better agreement with the experiment than non-multi-reference one, which suggest the improved transferability and the allowance for semi-core relaxation in the virtual atom can yield the more reliable result. It is possible that the more-refined pseudo-potentials (not only for the virtual atom, but, for Pb and O) shall realise more quantitative computations.
As to the crystalline simulation for PZT, in ref. [ PbZr 0.5 Ti 0.5 O 3 by the VCA pseudo-potential without multi-reference extension, in which the computed lattice constants by the VCA agree well with those by the super-lattice model and with the experimental measurement. So there may arise a doubt on the necessity of the multi-reference extension in the VCA proposed in the present work. On this point,however, one should take notice of this: in their VCA computation, Ramer and Rappe used a method of their own, named "designed non-local pseudo-potential(DNL)", in order to enhance the transferability of the pseudo-potentials, in which a flexible augmentation parameter is added to the standard Kleinman-Bylander form of the non-local pseudo-potential [12] ; furthermore their own technique for optimizing pseudo-potential was also applied [13] .(This kind of pseudo-potential construction is not adopted in the present work.) Thus it could be surmised that the reliability of the VCA of Ramer and Rappe will be referable to the synergistic effect of these three techniques, viz., their improvement to VCA, DNL, and their own way of optimized pseudo-potential. In this light, the present work for the multi-reference extension in the VCA can be regarded as an another approach to enhance the pseudo-potential transferability, being as effective and useful as the abovementioned auxiliary techniques to the VCA.
Conf .  Occupation I  II  III  IV  I-III II-III IV- VCA by the present work, multi-reference type.Column III: All electron result (averaged). Column IV: Simplest VCA; this is the simple average of Ti and Zr pseudo-potentials; in which the averaged potentials are multi-reference ones, computed by the present method for simple element(x=0 or 1).The differences between the pseudo-potential and all-electron computations are also given in percentage in three columns in the right side, denoted as "I-III","II-III","IV-III". The principal quantum number is re-indexed to the eigenstates in the pseudo-potential computation, so that the symbols 2p and 3p signify the semi-core and valence p states respectively. 
IV. CONCLUDING REMARKS
In this article, the multi-reference extension for VCA pseudo-potentials is developed. The improvement in the transferability of the potentials and the lattice-constant computation are demonstrated by the exemplary calculations of virtual atom Ti/Zr and the virtual crystal Pb(Ti/Zr)O 3 . This approach is a kind of fine tuning, or, re-making of the nonmulti-reference VCA pseudo-potential into the multi-reference one. It is remarked here that the present work is also the multi-reference extension of the standard pseudo-potential for simple elements, when the composition ratio is set to x=0 or 1. The present work also allows us a broader chance for improving pseudopotential property; by increasing the numbers of parameters in fine tuning of the pseudopotential, the other extension, such as, for the conservation of the "chemical hardness", could be easily implemented, in order that the better agreement between pseudo-potential and all-electron computation will be achieved. Accordingly, the present method, if assisted by such extensions, will be of more use to quantitative simulations of disordered crystals. 
